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Effective target-tracking and obstacle avoidance strategies are essential to the success of unmanned aerial vehicle

missions. This paper presents an extended Kalman-filter-based algorithm that predicts the optimal three-

dimensional trajectory and position prediction error of a dynamic object (obstacle or target) detected by an

unmanned aerial vehicle. This trajectory prediction scheme is thereafter tested in a three-dimensional path planner

for multiple unmanned aerial vehicles, which relies on decentralized model-based predictive control to calculate the

optimal unmanned aerial vehicle setpoints that will lead each unmanned aerial vehicle to the interception of a single

dynamic ellipsoidal target while avoiding dynamic ellipsoidal obstacles detected en route. A novel model-based

predictive control collision avoidance algorithm is also presented in this paper. The method first computes the

unmanned aerial vehicle collision probability with an obstacle by convolving the statistical distribution of the

obstacle center of mass position with the obstacle shape. The method then seeks to minimize the unmanned aerial

vehicle collision probability with all known obstacles on a future horizon, all while ensuring that the collision

probability with any given obstacle at each prediction step does not surpass a preset threshold. Simulations are

presented to demonstrate the effectiveness of the proposed approach.

Nomenclature

A, B, C, D = state-space matrices
dgf�g = diagonal of matrix �
fi��� = generic nonlinear functions of �
G�z�, G�z� = discrete-time transfer function and matrix
hc, hp = control and prediction horizons
I, 0 = identity and zero matrices
j = objective/cost function
k, � = primary and secondary temporal indices
n = position vector (center of mass)
P = covariance of the extended Kalman filter

estimation error
q, Q = ellipsoid semiaxes vector and equation matrix
r, R = Euler angles vector and rotation matrix
s, S, � = flat speed, speed, and flat headings
T = translation matrix
t, ts, tm = time, sampling period, and total mission time
u = input vector (autopilot setpoint vector)
v, V = measurement noise vector and covariance matrix
w,W = process noise vector and covariance matrix

x, y, z = x axis, y axis, and z axis coordinates
x, y = state vector and output vector
Zf�g = Z transform of �
�, � = Dirac delta function and increment operator
�, � = weight vector and weight matrix
�2 = position prediction error covariance matrix
�̂ = optimal estimation of �
�� = operating point of �

Subscripts

cm = communication range
ob = obstacle
sn = sensor range
tg = target
uv = unmanned aerial vehicle

Superscripts

l = linear
m = measurement
nl = nonlinear

I. Introduction

D URING World War I, the U.S. Navy constructed the first
pilotless aircraft [1]. Today, unmanned aerial vehicles (UAVs)

play a pivotal role in military operations [2] and have the potential to
serve in countless civil applications [3]. One research area requiring
further development is path planning forUAVs in stochastic dynamic
environments.

Many advanced UAV guidance strategies are now based on model
predictive control (MPC) algorithms. For UAVs operating in a
stochastic dynamic environment, the development of effective
obstacle and target trajectory prediction algorithms as well as the
development of methods for integrating this information into the
MPC performance criterion is thereby integral to mission success.
These are the two main aspects studied in this paper.
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When moving objects are subject to model and measurement
uncertainties, Kalman filters are often used to estimate their current
state before predicting their future trajectories [4–8]. In [5], aKalman
filter estimates the coefficients of the polynomials modeling the
target velocity and heading dynamics. These polynomials together
with transformation equations are then used to deterministically
predict the next target position (throughout this text, the term position
will always refer to the center of mass position). In [6], an artificial
neural network coupled with a Kalman filter is used to simultane-
ously estimate the dynamical model and current state of a target. The
estimated target dynamical model, initialized at the current estimated
target state, is then used to deterministically predict the future target
trajectory. In [7], Kalman filters are each used to calculate the current
position Gaussian probability density function (PDF) of a detected
target and its decoys. Heuristics are then used to bound the temporal
evolution of these PDFs on a future horizon.

In this paper, a Kalman filter is also used to first estimate the state
of amoving object detected by aUAVgivenmodel andmeasurement
uncertainties. However, unlike in [5–7] but as in [8,9], the future
uncertain object trajectory is evaluated by propagating the Kalman
filter uncertain state estimates along the prediction horizon. The
method consists of calculating the object center of mass trajectory
that minimizes the position prediction error variance on the future
horizon. This optimal object trajectory together with its associated
position prediction error variance defines the temporal evolution of
the future uncertain object position, statistically represented by three-
dimensional (3-D) Gaussian PDFs.

UAV tracking and avoidance strategies are then developed as a
function of the predicted target and obstacle trajectories. Artificial
potential fields are a popular approach to UAV path planning [10–
13]. Flat-sided functions [10], spherically symmetric functions [11],
and superquadric functions [12] were proposed to construct potential
field navigation functions, but the majority proved to be empirical,
heuristic, and specific. Although some potential field navigation
functions, such as themodified harmonic functions proposed by [13],
are shown to be provably correct [14,15] (i.e., stable, local-minima
free, and guaranteed convergence to target), they cannot account for
vehicle dynamic constraints. On the other hand, MPC-based UAV
path-planning strategies can account for vehicle constraints [16–22].
Unfortunately, their obstacle avoidance criterion is often very
simplistic, modeled by a series of stop–reverse–forward commands
[17,18], various inverse distance functions that do not account for
obstacle shapes [19,20], or no-fly zones that can highly restrict the
configuration space [21,22].

In this paper, a novel MPC obstacle avoidance criterion that is
more sophisticated than those in [16–22] is presented. By exploiting
the predicted uncertain obstacle trajectory derived from the proposed
Kalman-filter-based trajectory prediction algorithm, obstacle
avoidance is achieved by explicitly minimizing the UAV probability
of collision with all detected obstacles on the prediction horizon
while ensuring that, at each prediction step, it does not surpass a
preset threshold. The probability of collision between a UAVand an
obstacle of known shape at a specific prediction step is calculated by
convolving the PDF of the obstacle uncertain center of mass location
with the obstacle shape [15]. This approach generates obstacle
avoidance navigation functions automatically and not heuristically,
as is the case with most potential field methods.

As a secondary objective, the proposed object trajectory pre-
diction and obstacle avoidance algorithms are thereafter tested in a
path planner, developed in MATLAB®, which relies on receding
horizon MPC [23] to guide a fleet of UAVs in an unknown 3-D
stochastic dynamic environment. The mission objective is to ensure
that each UAV intercepts the same moving ellipsoidal target while
avoiding several moving ellipsoidal obstacles detected en route. For
this purpose, each UAV is equipped with its own trajectory control
unit (TCU) that generates its UAV optimal future trajectory by
processing the measured UAV position supplied by the autopilot, the
obstacle information gathered by the UAV sensors and from
communicatingUAVs (i.e., measured ellipsoidal obstacles positions,
sizes, and orientations), and the target information gathered by the
UAV sensors and from communicating UAVs or sent via a mission

manager (i.e., measured ellipsoidal target position, size, and
orientation).

In Sec. II, the Kalman-filter-based trajectory prediction algorithm
for moving objects detected by a UAV is presented. In Sec. III,
the proposed collision probability calculation is integrated into the
control criterion of the UAV MPC path planner used to test the
algorithm of Sec. II. In Sec. IV, five test cases are presented: the first
three demonstrate the sole performance of the Kalman-filter-based
trajectory prediction algorithm, whereas the last two illustrate its
performance in the path planner. Appendices B and C provide some
additional details on the ellipsoidal shape formulation and the
convolution of shapes with PDFs. Finally, in Appendix A, a notation
used throughout the remainder of this paper is established. It is
recommended to read this Appendix first.

II. Trajectory Prediction Algorithm
(Obstacle or Target)

AUAV detects and classifies a controlled moving object (e.g., an
obstacle, such as a civilian aircraft to be avoided, or a target, such as a
suspicious naval ship to be tracked) and measures its position. The
object size and orientation are also measured by the UAV; however,
these measurements are not integral to this algorithm. The UAV then
identifies the object from which stems the model G�z�, depicted in
Fig. 1, that best describes the object dynamic behavior. Presentation
of the mechanics involved in the classification and identification of
an object is beyond the scope of this work. It is assumed that the
object has been correctly classified and identified such that themodel
G�z� in Fig. 1 is fairly accurate.

In Fig. 1,G�z� represents themodeled closed-loop dynamics of the
detected object. The outputs ofG�z� (i.e., flat speed s�k�, flat heading
��k�, and altitude z�k�) thus follow the inputs ofG�z� (i.e., flat speed
setpoint us�k�, flat heading setpoint u��k�, and altitude setpoint
uz�k�) as specified byG�z�. The object position (i.e., x-axis position
x�k�, y-axis position y�k�, and z-axis position z�k�) is then calculated
from the outputs of G�z�. While the object altitude directly
corresponds to its z-axis position, coordinate transformation
equations convert the object flat speed and flat heading into x-axis
and y-axis positions.

The goal is to then predict the trajectory (i.e., optimal center of
mass trajectory and position prediction error variance) of the detected
object, knowing that G�z� is an estimation of the true object
dynamics and knowing that the UAV sensors are noisy. For this
purpose, the states of the object with motion model of Fig. 1 are first
estimated from its measured position. The predicted object trajectory
is thereafter calculated from this motion model initialized at the
object state estimates.

A. State Estimation

An extended Kalman filter (EKF) is used to estimate the states of
the object (with the motion model of Fig. 1) from its measured
position. The resulting Kalman filter equations are

x �k� 1� � f1�x�k�� �w�k� (1)

y �k� � f2�x�k�� � v�k� (2)

where the state vector x�k� andmeasurement vector y�k� are detailed
next. As for the random vectorsw�k� and v�k� (Gaussian, zeromean,
white noise, and statistically independent), they represent the

G(z)

G(z)

(k)
(k)

u (k)

u (k)
uθ (k)

(k)
θ (k)

(k)

xu(k) xy(k) xn(k)

Fig. 1 Motion model of object detected by a UAV (obstacle, target).
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uncertainty and perturbations on the model [Eq (1)] and the
uncertainty on the measurements [Eq. (2)], respectively.

The EKFpresented herein estimates the optimal object states at the
next sample time (i.e., x̂�k� 1jk�). This particular filter imple-
mentation is called a one-step prediction estimator [24]. The
Bierman–Thornton upper diagonal filtering algorithm [25], which
provides an alternate solution for the Kalman filter matrix Riccati
difference equation, was also implemented in order to improve
numerical robustness.

The states to be estimated by the EKF are those of the motion
model of Fig. 1. They are the object setpoints xu�k�, the outputs of
G�z� xy�k�, and the xy-planar position xn�k�. To capture the dynamic
relation between states xu�k� and xy�k�, the states internal of G�z�,
denoted as xG�k�, must also be estimated. The state vector in Eqs. (1)
and (2) is thus

x �k� � � xu�k�T xG�k�T xy�k�T xn�k�T �T (3)

where

x u�k� � � us�k� u��k� uz�k� �T (4)

x y�k� � � s�k� ��k� z�k� �T (5)

x n�k� � � x�k� y�k� �T (6)

and where xG�k� are the states of G�z�.
Upon detection of the object, the UAV measures its position. The

measurement vector in Eq. (2) is thus

y �k� � � x�k� y�k� z�k� �T (7)

1. State Equation

The evolution of the state vector x�k� in Eq. (3) during one
sampling period ts defines the state equation (1) needed for Kalman
filtering.

The temporal evolution of the object setpoints xu�k� is unknown.
They are thereby assumed to behave like independent random walks
[26]. Setpoint decoupling is a plausible assumption, since the
detected object is considered a controlled system, producing

x u�k� 1� � xu�k� �wu�k� (8)

where wu�k� � �wus �k� wu� �k� wuz�k� �T is a random vector
comprising three independent random variables. The variances on
each random variable in wu�k� are set to model variations in the
setpoints between sample times.

The temporal evolution of the states xG�k� and xy�k� is described
by the object dynamical model G�z�. The state-space representation
of G�z� is thus

x G�k� 1� �AGxG�k� �BGxu�k� �wG�k� (9)

x y�k� � CGxG�k� (10)

where the random vector wG�k� models the uncertainty on G�z�
(parametric and stochastic) and/or the perturbations on the states
xG�k�.

The temporal evolution of the xy-planar object position xn�k� is
governed by the nonlinear coordinate transformation equations,

x�k� 1� � x�k� � tss�k� cos ��k�
y�k� 1� � y�k� � tss�k� sin ��k� (11)

or simply

x n�k� 1� � xn�k� � f3�xy�k�� (12)

The EKF algorithm requires Eq. (12) to be linearized at each sample
time. Thus, applying a Taylor approximation of the first order about

the operating points �xy�k� � � �s�k� ���k� �z�k� �T (vector �xy�k� is
the EKF state estimates at the previous sample time) to Eq. (12)
yields

x n�k� 1� � xn�k� �Bn�k�xy�k� �wn�k� (13)

where

Bn�k� �
ts cos ���k� �ts �s�k� sin ���k� 0

ts sin ���k� ts �s�k� cos ���k� 0

� �
(14)

and where the random vectorwn�k� � �wx�k� wy�k� �T models the
errors generated by the linear approximation.

Combining Eqs. (8–10) and (12) yields the complete Kalman filter
nonlinear state equation:

x �k� 1� � f1�x�k�� �wnl�k� (15)

where

w nl�k� � �wu�k�T wG�k�T wG�k�TCTG 0T �T

with covariance matrixWnl. As for the linear counterpart of Eq. (15),
it is obtained by replacing Eq. (12) by Eq. (13), producing

x �k� 1� �A�k�x�k� �wl�k� (16)

where

A �k� �

I 0 0 0
BG AG 0 0
CGBG CGAG 0 0

0 0 Bn�k� I

2
664

3
775 (17)

and where

w l�k� � �wu�k�T wG�k�T wG�k�TCG�k�T wn�k�T �T

with covariance matrix W l simulates the uncertainty on all system
states.

2. Measurement Equation

The UAV measures the xyz-axis position of the detected object.
The measurement equation is

y �k� � Cx�k� � v�k� (18)

where y�k� is Eq. (7), whereC references the states inx�k� describing
the object position, and where the random vector v�k��
� vx�k� vy�k� vz�k� �T with covariance matrix V models sensor
noises.

Let us consider a UAV fleet that is partitioned at each sample time
into subfleets comprising members in communication range (e.g., a
subfleet located far from all other subfleets would have limited or no
communication with the collective). If the jth UAV part subfleet i
detects the object, then its measurement equation is

y ij�k� � Cijx�k� � vij�k� (19)

where yij�k�, Cij, and vij�k� are, respectively, the object position
measurement vector, observation matrix, and sensor noise vector of
UAVj in subfleeti. The corresponding covariance matrix Vij
associated with vij�k� may differ in nature and precision from any
other UAV measurement noise covariance matrix and may even
account for sensor failures.

If n communicating UAVs (member of the ith subfleet) detect the
same object,¶ Eq. (19) expands to

¶Two UAVs are assumed to have detected the same object if the difference
in their object position measurements lies below a preset threshold.
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yi1�k�

..

.

yin�k�

2
664

3
775�

Ci1

..

.

Cin

2
664

3
775x�k� �

vi1�k�

..

.

vin�k�

2
664

3
775

yi�k� � Cix�k� � vi�k� (20)

for which the corresponding measurement noise covariance matrix
Vi of dimension 3n 	 3n is often chosen as block diagonal to
represent independent UAV sensors, but this is not a necessary
condition.

Furthermore, it is possible, using a maximum likelihood
measurement fusion method, to combine all n object position
measurements into a single pseudomeasurement, thus reducing
Eq. (20) to

y in!1
�k� � Cin!1

x�k� � vin!1
�k� (21)

For this purpose, the detected object position n�k� must be directly
observable from the object position measurements nmi �k�.
Equation (20) can thus be rewritten as

y i�k� � C0in�k� � vi�k� (22)

yielding the object position pseudomeasurement

ymin!1
�k� � argminn�k��ymi �k� � C0in�k��TV�1i �ymi �k� � C0in�k��
� �C0iV�1i C0i��1C0Ti V�1i ymi �k� (23)

with the measurement noise covariance matrix

V in!1
� �C0Ti V�1i C0i��1 (24)

B. Trajectory Prediction

The future optimal center of mass trajectory of the object detected
by the UAV is predicted from the states x̂�k� 1jk� estimated by the
EKF of Sec. II.A.

1. Predicted Optimal Object Center of Mass Trajectory

The predicted optimal object trajectory minimizes, at each
prediction step �, the position prediction error variance

� 2�k� �jk� � VAR�n�k� �� � n�k� �jk�� (25)

where n�k� �� and n�k� �jk� are, respectively, the object position
and predicted object position. The object position n�k� �� is
computed from the nonlinear dynamical model,

x�k� � � 1� � f1�x�k� ��� �wnl�k� ��
n�k� �� � Cx�k� ��; � 
 1 (26)

where the nonlinear state equation is Eq. (15),

n �k� �� � � x�k� �� y�k� �� z�k� �� �T

andC is the same as in Eq. (18). Selectingn�k� �jk� that minimizes
Eq. (25) for each � 2 f1; . . . ; hpg produces the predicted optimal
object trajectory,

n̂ nl�k� 1: k� hpjk� �

Cx̂�k� 1jk�
Cf1�x̂�k� 1jk��

Cf1ff1�x̂�k� 1jk��g
..
.

Cf1f� � � f1�x̂�k� 1jk�� � � �g

2
66664

3
77775 (27)

where x̂�k� 1jk� are the EKF state estimates.

2. Position Prediction Error Variance

The quality of the predicted optimal object trajectory in Eq. (27) at
each prediction step � on hp is the position prediction error variance,

� 2�k� �jk� � VAR�n�k� �� � n̂nl�k� �jk�� (28)

where n�k� �� is Eq. (26) and where n̂nl�k� �jk� is Eq. (27).
Unfortunately, Eq. (28) is not easily evaluated and is therefore
calculated from the approximation,

� 2�k� �jk� � VAR�n�k� �� � n̂l�k� �jk�� (29)

where the object position n�k� �� and predicted optimal object
position n̂l�k� �jk� are now calculated from the linear dynamical
model

x�k� � � 1� �A�k� ��x�k� �� �wnl�k� ��
n�k� �� � Cx�k� ��; � 
 1 (30)

obtained by linearizing Eq. (26) about the operating point �xnl�k� ��.
Errors wn�k�, due to linearizing the coordinate transformation
equations, are not considered in this dynamical model [i.e.,wnl�k�
�� rather than wl�k� �� in Eq. (30)], since the predicted optimal
object center of mass trajectory is calculated via Eq. (26), which does
not contain such errors.

Equation (29), evaluated at each � 2 f1; . . . ; hpg, thereby yields

� 2�k� 1: k� hpjk� �

CP�k� 1jk�CT
CA�k� 1�P�k� 1jk�A�k� 1�TCT � CWnlCT

CM�0;2�P�k� 1jk�MT
�0;2�C

T �
P

2
i�1 CM�i;2�W

nlMT
�i;2�C

T

..

.

CM�0;hp�1�P�k� 1jk�MT
�0;hp�1�C

T �
Php�1

i�1 CM�i;hp�1�W
nlMT

�i;hp�1�C
T

2
666664

3
777775 (31)

where

M T
�i;j� �

Yj
m�i�1

A�k�m�T (32)

III. Unmanned Aerial Vehicle Path Planner

The trajectory prediction algorithm of Sec. II is tested in a path
planner that relies on optimal predictive control to guide a fleet of
UAVs in an unknown 3-D environment. The mission objective is to
ensure that each UAV intercepts a moving ellipsoidal target while
avoiding several moving ellipsoidal obstacles detected en route.
UAVs within communication range cooperate to improve their
performances. A decentralized cooperative control structure regu-
lates the flow of information between UAVs.
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A. General Guidance Strategy

Each UAV is assumed equipped with sensors (e.g., video, electro-
optic, and infrared devices), a communication device (e.g., radio-
frequency transceiver), and an autopilot (Fig. 2). As the UAVs
navigate in the unknown environment, they detect objects (obstacles
and target) residing within their respective sensor range. UAVs also
exchange object information with other UAVs residing within
communication range.

At each sample time, UAVs transmit all acquired obstacle
information [position nmobi�k�, size q

m
obi
�k�, and orientation rmobi�k�;

see Sec. III.B.1] and target information (position nmtg�k�, size qmtg�k�,
and orientation rmtg�k�; see Sec. III.B.2) from sensors and/or
communicating UAVs to their own TCU. If no target measurement is
available, a mission manager supplies the TCU with virtual target
measurements, as shown in Fig. 2. TCUs also receive, from their
respective autopilots, the measured position of the aircraft nmuv�k�.
Each TCU then determines the optimal UAV autopilot setpoints
ûuv�k� that will guide the particular aircraft toward the moving target
while avoiding moving obstacles. Finally, each autopilot translates
these setpoints into lower-level commands supplied to the UAV
actuators, all while maintaining the aircraft stability.

The ellipsoid was chosen to model various elements in the
simulated environment since its basic shape allows for fewer and
faster computations. These ellipsoids can represent true object
shapes or may model safety regions surrounding the objects. In this
path planner, the obstacles and the target are modeled as ellipsoids of
various sizes and orientations. Ellipsoids are also employed tomodel
each UAV sensor range and communication range. These ellipsoids
are centered upon the UAV center of mass and mimic the aircraft
motion.

1. Object Detection Scheme

Sensors onboard the UAV allow the aircraft to characterize its
surrounding environment. An object (obstacle or target) is detected
by the UAV when the ellipsoidal UAV sensor range intersects the
ellipsoidal object [27] (Fig. 3, Table C1 in Appendix C).

2. Target Interception Scheme

The UAVintercepts the target when its center of mass is contained
within the ellipsoidal target [27] (Fig. 4, Table C1 in Appendix C).

Themission is deemed completewhen all UAVs have intercepted the
target.

3. Unmanned Aerial Vehicle Communication Scheme

Information on objects (obstacles and target) detected by fellow
UAVs that are in communication range is also relayed to the UAV.
Two UAVs can communicate when the ellipsoids modeling their
respective communication range encompass the other UAV center of
mass [28] (Fig. 5, Table C1 in Appendix C). A multihopping
communication scheme [29] is used when more than two UAVs
cooperate. Furthermore, an obstacle is no longer tracked; thus, its
trajectory is no longer predicted if the obstacle exits all UAV sensor
ranges. The effects of neglecting obstacle information outside all
UAV sensor ranges will be studied in future work.

B. Trajectory Control Unit

The TCU for a single UAV is depicted in Fig. 6. This TCU is a
receding horizon model-based predictive controller [23] that
calculates the optimal UAV setpoints ûuv�k� as a function of
predicted obstacle, target, and UAV trajectories. The UAV setpoints
are chosen to obey the mission objectives quantified by the objective
function and constraints, defined in Sec. III.B.4.

1. Obstacle Trajectory Prediction

At each sample time, the UAV transmits the measured location
(i.e., position obtained from a video camera images),

n m
obi
�k� � � xmobi�k� ymobi�k� zmobi�k� �T (33)

Autopilot
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Fig. 2 High-level flowchart of 3-D path planner.
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Fig. 3 Object detection scheme: a) no detection and b) detection.

a) b)
Fig. 4 Target interception scheme: a) no interception and

b) interception.
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Fig. 6 TCU: model-based predictive controller.
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along with the measured xyz semiaxes (i.e., size deduced from video
camera images),

q mobi�k� � �a
m
obi
�k� bmobi�k� cmobi �k� �T (34)

and the measured roll–pitch–yaw Euler rotation angles (i.e.,
orientation deduced from video camera images),

r mobi�k� � ��
m
obi
�k� #mobi�k�  mobi�k� �T (35)

of its i known ellipsoidal obstacles to its TCU (Figs. 2 and 6). Using
nmobi�k�, the TCU employs the trajectory prediction algorithm of
Sec. II to estimate the states and to ultimately predict the obstacle
trajectories. Assuming that the ith obstacle motion is governed by
Eq. (26), its predicted optimal center of mass trajectory on hp is
calculated from Eq. (27) and yields n̂nl

obi
�k� 1: k� hpjk�. The

quality of this trajectory is calculated from Eq. (31), producing
�2obi �k� 1: k� hpjk�. These quantities, along with the measure-
ments qmobi �k� and r

m
obi
�k�, are then used to define the obstacle

avoidance criterion detailed in Sec. III.B.4.

2. Target Trajectory Prediction

At each sample time, the UAV transmits the measured position
nmtg�k�, the measured size qmtg�k�, and the orientation rmtg�k� of the
dynamic ellipsoidal target to its TCU (Figs. 2 and 6). Using nmtg�k�,
the TCU then employs the trajectory prediction algorithm of Sec. II
to estimate the states and to ultimately predict the target trajectory.
Assuming that the target motion is governed by Eq. (26), the
predicted optimal target center of mass trajectory on hp is calculated
from Eq. (27) and yields n̂nl

tg�k� 1: k� hpjk�. This vector is
integral to the target-tracking criterion, defined in Sec. III.B.4. As for
the measurements qmtg�k� and rmtg�k�, they are used to determine if the
UAV has intercepted the target (see Sec. III.A.2).

3. Unmanned Aerial Vehicle Trajectory Prediction

An augmented EKF (AEKF) [23], as detailed in [30], is first used
to estimate the optimal UAV states x̂uv�k� 1jk� from the measured
UAV position nmuv�k� and setpoints ûuv�k�. The UAV motion model
used for Kalman filtering is the same as in Fig. 1, where G�z� now
models the closed-loop dynamics of the UAV (i.e., combined aircraft
and autopilot dynamics). To compensate for unmeasured
disturbances [��k� in Fig. 6] due, for instance, to a constant wind
flow acting upon the UAV, the UAV motion model Gduv�z� is
augmented by a disturbancemodelGsuv�z� comprising a collection of
integrators driven by white noises, as shown in [30]. The future UAV
trajectory on hp is then computed from the augmented UAV motion
model and yields

n uv�k� 1: k� hpjk� � f4�x̂uv�k� 1jk�; uuv�k� 1: k� hcjk��
(36)

4. Objective Function and Constraints

At each sample time, the TCU calculates the optimal predicted
UAV setpoint trajectory on the control horizon ûuv�k� 1: k� hcjk�
that generates the optimal predicted UAV trajectory n̂uv�k�
1: k� hpjk�. This setpoint trajectory is obtained by minimizing an
objective function while respecting a set of linear and nonlinear
constraints. The objective function is constructed such that the UAV
attains the mission objectives (i.e., the interception of a single
moving ellipsoidal target while avoiding several moving ellipsoidal
obstacles). The constraints ensure that the selected setpoints are
confined within the UAV limits of operation.

a. Objective Function. The objective function

j�k� � ju�k� � job�k� � jtg�k� (37)

for a single UAV is a summation of a setpoint weighting criterion, an
obstacle avoidance criterion, and a target-tracking criterion,
respectively.

The setpoint weighting criterion

ju�k� ��uuv�k� 1: k� hcjk�T��uuv�k� 1: k� hcjk� (38)

seeks to minimize UAV autopilot setpoint increments on hc. In
Eq. (38), the vector of setpoint increments are weighted according to
�, a 3hc 	 3hc diagonal matrix. Setpoints are thus assumed
uncorrelated, meaning that simultaneous variations of all setpoints
are possible (see Sec. II.A.1).

The obstacle avoidance criterion seeks to distance the UAV from
predicted obstacle trajectories: UAVs are considered small (i.e., zero-
dimensional) in comparison with obstacles. This is accomplished by
first evaluating, at each prediction time � on hp, the probability of
collision of the UAV with a known location [nuv�k� �jk� of
Eq. (36)] with the i ellipsoidal obstacle of known size and orientation
[qmobi�k� of Eq. (34) and r

m
obi
�k� of Eq. (35)] but with an uncertain

center of mass location nobi �k� ��. What is known is that the
location of the i obstacle center of mass is normally distributed
[31,32] with mean n̂nl

obi
�k� �jk� and variance �2obi�k� �jk�,

yielding the PDF

fobi;� �n� �
1����������������������������������������������

�2��3 j �2obi�k� �jk� j
q

	 exp

�
� 1

2
�n � n̂nl

obi
�k� �jk��T�2obi�k� �jk�

�1

	 �n � n̂nl
obi
�k� �jk��

�
(39)

where n� � x y z �T is a random position in space.
Thus, knowing that the probability for a pointn to residewithin the

ith obstacle, centered at an arbitrary positionnobi �k� ��, is given by
the indicator function

gobi;� �n�nobi �k����

�1

�
1 �n�nobi�k����TRobiQobiRTobi �n�nobi�k�����1

0 otherwise
(40)

Then, the probability for a point n to reside within this obstacle,
knowing that the obstacle center of mass is statistically centered at
n̂nl
obi
�k� �jk� and distributed, as shown in Eq. (39), is

pi;��n� �
Z
nobi;�

fobi;� �nobi;� �gobi;� �n � nobi;� �dnobi;�

� fobi;� �n� � gobi;� �n� (41)

wherenobi;� is the short form fornobi�k� �� andwhere 
 denotes the
linear convolution operator.

The complete obstacle avoidance criterion for a single UAVis then
the probability of collision between the UAV and all known
ellipsoidal obstacles on hp. Using probability theory, one obtains

job�k� � �ob
Xhp
��1

p�e�� (42)

where e� denotes the event that a collision occurs at prediction time �,
such that

p�e�� �
�
m� � � 1

m�

Q
��1
n�1�1 � p�en�� otherwise

(43)

where

m� �
X
i2A

�
pi;��n�

Y
j2B
�1 � pj;��n��

�����
n�nuv�k��jk�

(44)

In Eq. (44),A is the set of obstacles known to theUAV,whereasB is a
subset of A containing all elements in A minus the ith obstacle.
Finally, the constant �ob in Eq. (42) is chosen such that the obstacle
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avoidance criterion takes precedence over the setpoint weighting
criterion and the target-tracking criterion.

An example of a two-dimensional probability of collision function
for an elliptical obstacle calculated from the statistical distribution of
its center of mass position is illustrated in Appendix C. Details on
how the convolution integral of Eq. (41) is evaluated in the
simulations of Sec. IV.B are also provided in Appendix C.

There exists a wide range of target-tracking strategies, each
tailored to the mission objective and the specific target behavior.
Examples of target-tracking methods include strategies seeking to
minimize the UAVenergy upon interception of the target, strategies
intended to minimize the UAV-to-target arrival time, and strategies
seeking to minimize the distance traveled by the UAVwhile tracking
the target [33,34]. The target-tracking criterion adopted herein

jtg�k� �
Xhp
��1

�tg���knuv�k� �jk� � n̂nltg�k� �jk�k2 (45)

seeks to minimize the two-norm distance k � k2 between the
predicted UAV position and predicted optimal target position along
hp. This criterion attempts to match the UAV heading to the target
heading at the time of interception. In Eq. (45), the constant �tg���
weights the UAV-to-target distance along the trajectory.

b. Constraints. Numerical minimization of j�k� is subject to
constraints. First, the UAV setpoint increments on hc and UAV
setpoints on hc must be limited to ensure the safe operation of the
UAV. Thus,

�umin
uv � �uuv�k� 1: k� hcjk� � �umax

uv (46)

u min
uv � uuv�k� 1: k� hcjk� � umax

uv (47)

Second, the predicted UAV trajectory nuv�k� 1: k� hpjk� should
be contained within the span of the aircraft sensor range [28]:

n uv�k� �jk�RsnQsnRTsnnuv�k� �jk�T � 0 (48)

where � 2 f1; . . . ; hpg, thus ensuring that a predictedUAV trajectory
does not intersect an undetected obstacle. Third, the UAV speed
Suv�k�, where theflat speed suv�k� is the projection ofSuv�k� onto the
xy plane, must also be constrained along hp. The minimum UAV
speed is chosen to obey requirements for a safe flight, whereas the
maximum UAV speed must respect the physical limitations of the
aircraft. Thus,

S min
uv � Suv�k� 1: k� hpjk� � Smax

uv (49)

where at prediction time k� �,

S uv�k� �jk� �

���������������������������������������������������������������������������
�suv�k� �jk��2 �

�
�zuv�k� �jk�

ts

�
2

s
(50)

In Eq. (50), the UAV speed is the hypotenuse of the right-angled
triangle formed by the UAV flat speed and altitude variation during
the sampling period ts. Finally, an additional constraint can be added
to ensure that the probability of collision between the UAV and an
obstacle is less than a preset threshold at each prediction time � onhp:

pi;� �nuv�k� �jk�� � pmax
i;� (51)

for 0 � pmax
i;� � 1 and � 2 f1; . . . ; hpg.

IV. Simulations

A. Trajectory Prediction Test Cases (Obstacle or Target)

Three test cases involving the trajectory prediction algorithm of
Sec. II are now shown. In test case 1, the EKF of Sec. II.A is used to
estimate the states of a controlled dynamic object detected by a UAV.
In test case 2, the algorithm of Sec. II.B is used to predict two object
trajectories from the EKF state estimates of test case 1. In test case 3,
the effect of redundant object position measurements on a predicted

object trajectory, occurring when two communicating UAVs detect
the same object, is demonstrated.

1. Test Case 1: State Estimation

AUAVdetects and classifies a stabilizedmoving object, for which
the simulated dynamics are shown in Fig. 7. The UAV measures its
position nm�k�∗∗ then identifies the dynamical model M, shown in
Fig. 8, that best describes the object dynamic behavior. It is assumed
that the UAV correctly identifies the object such that M0�
M� G�z�, where G�z� is the closed-loop discrete-time transfer
function:

G �z� �
Gss�z� 0 Gsz�z�

0 G���z� 0

Gzs�z� �Gz��z� Gzz�z�

2
4

3
5 (52)

with

Gii�z� �Z
�

1

�1� 4s�2
�����

ii2fss;��;zzg

Gij�z� � Z
�
�3s

�1� 8s�2
�����

ij2fsz;z�;zsg
(53)

for which the continuous-time transfer functions (s is the complex
argument of the Laplace transform) are discretized using a zero-order
holder with sampling period ts. Differences between the simulated
andmodeled object dynamics stem from the stochastic perturbations
w0G�k� on the simulated states of M0 (e.g., wind affecting object
trajectory).

The goal is then to employ the EKF of Sec. II.A to estimate the
simulated object states from the modeled object dynamics in Fig. 8
(also in Fig. 1) and from the noisy object position measurement

Fig. 7 Simulated object dynamics.

∗∗The UAV also measures the object size qm�k� and orientation rm�k�;
however, these measurements are not needed in this test case.
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nm�k� in Fig. 7. The states estimated by the EKF [x�k� in Eq. (3)] are
the object setpoints xu�k�, the internal states xG�k� of G�z�, the
outputs xy�k� of G�z�, and the xy-planar position xn�k�. The noise
covariancematricesW l andV used to tune the EKF in this simulation
are listed in Fig. 8.

The results are illustrated in Fig. 9, where simulated object states
[i.e., u�k�, y�k�, andn�k� of the simulated object dynamics shown in
Fig. 7] are depicted as thick solid lines, and estimated object states
[i.e., xu�k�, xy�k�, and xn�k� of the modeled object dynamics shown
in Fig. 8] are represented by medium solid lines. The simulated and
estimated internal states of G�z� are not shown. The noisy object
position measurements nm�k� are additionally shown as fine solid
lines in Fig. 9c. TheEKFmanages tofilter theUAVsensor noises (the
estimated state curves are smooth in comparison with the mea-
surement curves) and estimates adequate object positions. In spite of
measurement and model uncertainties, the EKF also succeeds in
estimating accurate outputs of G�z� (Fig. 9b). Finally, when the
simulated setpoints behave asmodeled, the setpoint estimates closely
track the simulated object setpoints. However, when the simulated
setpoints undergo large step changes, the setpoint estimates converge
slowly to the new simulated setpoint sequence. For faster
convergence to the new simulated setpoint sequence, one would
chooseWu >W

0
u.

2. Test Case 2: Trajectory Prediction

Consider the object detected by a UAVof test case 1, for which the
simulated dynamics and modeled dynamics are depicted in Figs. 7
and 8, respectively, and forwhichG�z� is Eqs. (52) and (53). The goal
is to employ the algorithm of Sec. II.B to predict object trajectories
(i.e., optimal center of mass trajectory and position prediction error
variance) from the EKF state estimates of test case 1. Figure 10
illustrates two such predicted trajectories calculated from the EKF
state estimates at times t� 122 s and t� 50 s, respectively.
Depicted in Fig. 10 are the predicted optimal object trajectories (fine
solid lines with circular markers) computed from Eq. (27), the
position prediction error variances (dotted–dashed lines defining the
�3� uncertainty boundaries) corresponding to the diagonal elements
of Eq. (31), and the simulated object trajectories (thick solid lines)
calculated from the simulated object dynamics shown in Fig. 8.

Between times t� 122–140 s (Fig. 10a), the simulated trajectory
lies within the�3� uncertainty model. During this time interval, the
simulated object setpoints behave like the random walk setpoint
model used for estimation and prediction. However, between times
t� 50–68 s (Fig. 10b), the object exhibits heading and altitude

setpoint variations of magnitudes much larger than assumed by the
variances of the setpoint random walk generator. Consequently, the
simulated trajectory evolves outside the �3� uncertainty
boundaries, particularly toward the end of the predicted trajectory.
This is an obvious limitation of the predictor performance (i.e., when
the object behavior differs greatly from its modeled behavior).
However, the trajectory prediction scheme will be executed at
subsequent sample times, thus adapting to the changing behavior of
the observed object.

3. Test Case 3: Cooperation

The EKF of Sec. II.A can exploit redundant object position
measurements through Eq. (20) [or equivalently, through Eq. (21)] to

Fig. 8 Estimated object dynamics.

a)

b)

c)

Fig. 9 Object state estimation: a) setpoints, b) outputs of G�z�, and
c) positions.
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reduce thevariance on the object positionmeasurements [as shown in
Eq. (24)] and, therefore, on its estimated states [i.e., through
P�k� 1jk�]. A reduction in P�k� 1jk� necessarily diminishes
�2�k� 1: k� hpjk� of Eq. (31), since P�k� 1jk� is the starting
point for all prediction error covariance calculations. In light of this
observation, let us consider once again the object of test case 1,where
it is now assumed that its position is measured by two
communicating UAVs (forming the ith subfleet within the collective)
equipped with fully functional independent identical sensors.

Figure 11 presents a comparison of the position prediction error
(standard deviation ratio) at prediction times t� 122–140 s for one
object position measurement (results of Fig. 10a) versus two object
position measurements. The position prediction error calculated at
the first prediction time (t� 122 s) is entirely dependent on P�k�
1jk� [see Eq. (31)]. Thus, should the EKF consider uncertainty on the
object measurements only [w�k� � 0 in Eq. (1)], one would expect a
ratio of 1=

���
2
p

for all axes at t� 122 s, since Eq. (24) reduces to

V in!1
� Vij=2 (54)

for two independent identically distributedmeasurements. However,
since the EKF considers both the dynamical model and
measurements of the object when computing its optimal states, the
standard deviation ratio for all axes at prediction time t� 122 s is
greater than 1=

���
2
p

(see Fig. 11). Moreover, as � !1, the standard

deviation ratio at prediction time k� �jk tends toward unity. The
advantage of having an extra objectmeasurement therefore decreases
as one predicts further into the future. This is to be expected, since the
effect of P�k� 1jk� on the position prediction error is attenuated
over time [see Eq. (31)].

B. Path Planner Test Cases

Two test cases involving the path planner described in Sec. III are
now shown. These test cases demonstrate the performance of the path
planner when UAVs accomplish their mission, with and without
cooperation. The mission scenario for both test cases involves two
UAVs, two ellipsoidal obstacles, and one spherical target. Only five
objects are considered in the following test cases in order to facilitate
their understanding. There are, however, no limitations to the number
of objects that can be considered in the path planner. In both test
cases, the sampling period, prediction horizon, and control horizon
are, respectively,

ts � 2 s; hp � 10; hc � 3 (55)

The simulated UAV dynamics and modeled UAV dynamics are

y uvi�z� � Guvi�z�uuvi�z�ji2f1;2g (56)

where

G uvi
�z� �

Guvss�z� 0 Guvsz�z�
0 Guv�� �z� 0

Guvzs�z� Guvz� �z� Guvzz�z�

2
4

3
5 (57)

with

Guvss�z� �Z
�

1

6s� 1

�

Guvsz�z� �Z
�

�4:75s
0:45s2 � 4:62s� 1

�

Guv�� �z� � Z
�

1

3:78s� 1

�

Guvzs�z� �Z
�

�0:37s
37:56s2 � 2:85s� 1

�

Guvz� �z� �Z
�

�0:09s
13:68s2 � 2:02s� 1

�

Guvzz�z� �Z
�

13:77s� 1

14:29s2 � 11:67s� 1

�
(58)

This model was obtained through identification of a HangarTMXtra
Easy2 remote-control plane equipped with an MP2028g autopilot

σ

σ

a)

b)

Fig. 10 Object trajectory prediction: a) good prediction and
b) degraded prediction.

σ σ

Fig. 11 Position prediction error ratio (one vs two measurements).
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fabricated byMicroPilot®. The initial UAVpositions inNorth–East–
Down (NED) coordinates are

nuv1�0� � � 900 m 600 m �400 m �T

nuv2�0� � ��400 m �500 m �400 m �T (59)

whereas the initial UAV setpoints and outputs are

uuv1�0� � yuv1�0� � � 90 km=h �35� �400 m �T

uuv2�0� � yuv2�0� � � 96 km=h 0� �400 m �T (60)

UAVs are also surrounded by spherical sensor ranges and
communication ranges (test case 2 only) with xyz semiaxes

qsri � � 600 m 600 m 600 m �Tqcmi

� � 3000 m 3000 m 3000 m �T
����
i2f1;2g

(61)

, respectively. Moreover, the diagonal of the weight matrix � in
Eq. (38) is the vector

�i � � 1 	 10�2 2 	 10�3 1 	 10�4 �T ji2f1;2g (62)

repeated on the control horizon, and the UAV trajectories are subject
to the constraints

�umin
uv � ��40 km=h �10� �6 m �T

�umax
uv � � 40 km=h 10� 12 m �T (63)

umin
uv � � 76 km=h �180� �9970 m �T

umax
uv � � 140 km=h 180� �70 m �T (64)

S min
uv � 79 km=h; Smax

uv � 142 km=h (65)

Finally, the AEKF tuning parameters employed to estimate the UAV
states are listed in Fig. 12.

The obstacles are modeled as ellipsoids of sizes and orientations

qob1 � � 300 m 225 m 300 m �T

qob2 � � 260 m 200 m 260 m �T (66)

r ob1 � ��45� 0� �45� �T ; rob2 � � 0� �45� 0� �T (67)

Their simulated dynamics and dynamic model are given by

y obi�z� �Gobi�z�uobi�z�ji2f1;2g (68)

where

G obi
�z� �

Gobss�z� 0 Gobsz�z�
0 Gob�� �z� 0

Gobzs�z� �Gobz� �z� Gobzz�z�

2
4

3
5 (69)

with

Gobii�z� �Z
�

1

�4s� 1�2
�����

ii2fss;��;zzg

Gobij�z� � Z
�
�3s

�8s� 1�2
�����

ij2fsz;zs;z�g
(70)

The initial obstacle positions in NED coordinates are

nob1�0� � � 2700 m 700 m �400 m �T

nob2�0� � � 6000 m 100 m �400 m �T (71)

The obstacle setpoints are initially set to

uob1 � � 65 km=h �110� �400 m �T

uob2 � � 40 km=h �140� �400 m �T (72)

and modified at sample time k� 20 to

uob1 � � 70 km=h �100� �400 m �T

uob2 � � 40 km=h �140� �400 m �T (73)

Moreover, UAVmeasurements of the obstacle sizes and rotations are
assumed exact and time invariant throughout the simulation:
qmobi�k� � qobi ji2f1;2g, r

m
obi
�k� � robi ji2f1;2g. In addition, the constant

�ob � jmax
u � jmax

tg � 4:7 	 104 in Eq. (42), and pmax
i;� � 0:1 in

Eq. (51). Finally, the EKF tuning parameters employed in obstacle
trajectory predictions are those of Fig. 8.

The target is a sphere with xyz semiaxes

q tg � � 50 m 50 m 50 m �T (74)

for which the simulated dynamics and dynamic model are

y tg�z� �Gtg�z�utg�z� (75)

where

G tg�z� �
Gtgss�z� 0 Gtgsz�z�

0 Gtg�� �z� 0
Gtgzs�z� �Gtgz� �z� Gtgzz�z�

2
4

3
5 (76)

with

Gtgii�z� �Z
�

1

�5s� 1�2
�����

ii2fss;��;zzg

Gtgij�z� � Z
�
�5s

�8s� 1�2
�����

ij2fsz;zs;z�g
(77)

The initial target position in NED coordinates is

n tg�0� � � 5500 m �550 m �400 m �T (78)

The target setpoints are initially set to

u tg � � 20 km=h �60� �400 m �T (79)

and modified at sample time k� 35 to
Fig. 12 AEKF tuning parameters. The AEKF tuning set is chosen

equal to the simulated UAV dynamics.
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u tg � � 20 km=h �60� �410 m �T (80)

Moreover, UAV measurements of the target size are assumed exact
and time invariant throughout the simulation: qmtg�k� � qtg. The
constant �tg��� in Eq. (45) is also selected such that �tg��� � 1, 8 �.
Finally, the EKF tuning parameters employed in target trajectory
predictions are those of Fig. 8.

The optimization problem is solved on a PC using the fmincon
optimizer in MATLAB R2008. The average runtime needed by
fmincon to solve the optimization problem is 1.4 s per UAV per
sample time. A similar optimization problem has been solved using
the Numerical Algorithms Group optimizer in C++® and has
succeeded in reducing the runtime by a factor of 10.

1. Test Case 1: No Cooperation Between Unmanned Aerial Vehicles

Figure 13 illustrates the performance of the path planner when
UAVs do not exchange obstacle information. The first aircraft to
detect both obstacles is UAV1. In Fig. 13a, this aircraft can be seen
taking appropriate actions to avoid Obstacle1. However, since UAVs
do not cooperate, UAV2 detects both oncoming obstacles rather late
and is thus forced to execute drastic maneuvers to avoid them both
(Figs. 13b and 13c). UAV2 thus intercepts the moving target after

UAV1 (Fig. 13d). The total mission time (time required for both
UAVs to intercept the target) is tm � 190 s.

2. Test Case 2: Cooperation Between Unmanned Aerial Vehicles

Figure 14 illustrates the performance of the path planner when
UAVs in communication range exchange obstacle information. Once
again,UAV1 is the first aircraft to detect both obstacles and, as such,
its trajectory is very similar to the previous test case. Since UAV1

communicates information on the detected obstacles to UAV2, the
latter now benefits from a priori information on the oncoming
obstacles and thus has more time to execute an evasive course of
action. As a result, UAV2 chooses a different, much smoother
trajectory than in the previous test case. Moreover, even though the
target-tracking criterion of Eq. (45) does not explicitly seek to
minimize the UAV-to-target arrival time, cooperation between UAVs
nonetheless decreases the mission time by roughly 8.5%. In this test
case, the total mission time is tm � 174 s.

3. Performance Analysis

The objective function of Eq. (37) provides a means of analyzing
the performance of the path planner throughout both mission
scenarios. Figure 15 depicts the contributions ju�k�, job�k�, and

Fig. 13 Path planning without cooperation: a) t� 46 s, b) t� 90 s,
c) t� 140 s, and d) t� 170 s.

Fig. 14 Path planning with cooperation: a) t� 46 s, b) t� 90 s,
c) t� 140 s, and d) t� 170 s.
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jtg�k� to the objective function j�k� for each UAV throughout the
simulations. Each inset in Figs. 15a and 15b depicts the results
obtained when UAVs accomplish the mission, with and without
cooperation. Contributions ju�k� and jtg�k�, illustrated in Fig. 15, are
normalized with respect to their maximum values for both test cases,
whereas job�k�=�ob is the probability of collision for the specified
UAV.

Figure 16 illustrates the obstacle detection status for each UAV,
with and without cooperation. When UAVs cooperate, they
communicate as soon as an obstacle is detected by one of the aircraft
[large communication ranges in Eq. (61)].

The evolution of the objective function of UAV1 is similar
throughout both test cases (Fig. 15a). This is to be expected, since this
UAV is the first to detect both obstacles (Fig. 16a) and thus does not
truly benefit from cooperation. Contrarily, UAV2 benefits from
cooperation (Fig. 16b), which improves its performance throughout
the mission (Fig. 15b). First, when UAVs cooperate, UAV2 setpoint
variations are generally of comparable amplitude throughout the
mission. However, without cooperation, UAV2 suffers more
frequent and considerable variations in its setpoints between sample
times. Second, when UAVs do not cooperate, the probability of
collision for UAV2 is high, especially upon detection of Obstacle1.
When UAVs cooperate, the probability of collision for UAV2

diminishes considerably and only exceeds pmax
i;� � 0:1 at two sample

times. This allowsUAV2 to clear the obstacles at a safer distance than
without cooperation. Finally, the rate of decrease of jtg�k� forUAV2

is larger with cooperation, thus permitting this aircraft to reach the
target faster than without cooperation.

V. Conclusions

In this paper, an EKF-based algorithm that predicts the trajectory
of a moving object (obstacle or target) from its measured position
was first presented. The algorithm was then tested in a decentralized
model-based predictive control path planner that computes optimal
UAV setpoints based on predicted obstacle and target trajectories. A
novel model-based predictive control obstacle avoidance perform-
ance criterion that seeks to minimize the UAV collision probability
with all known dynamic ellipsoidal obstacles on the prediction
horizon, all while ensuring that it does not surpass a preset threshold
at each prediction step, was also presented in this paper.

It was shown that accurate object trajectories can be predicted
when the EKFmodel well represents the simulated object dynamics.
It was also shown that communication between UAVs improves
simulation results, whether it is by increasing the accuracy of
predicted object trajectories or by reducing the total mission time.
Finally, it was shown that the exact UAV collision probability can be
computed by convolving the shape of the obstacle with the statistical
distribution of its center of mass position.

Future work will involve modifying the existing EKF structure to
include fault detection in order to eliminate sensor biases and
disregard measurements generated by defective or damaged sensors.
An adaptiveEKF structurewill also be developed to dealwith objects
for which the dynamics and uncertainties are being identified en
route. The EKF will also be compared with other filters, such as the
unscented Kalman filter, to determine which algorithm yields the
most accurate predicted object trajectories. Finally, the proposed
algorithms will be tested in a hardware-in-the-loop system, and
practical problems (e.g., payload requirements) and implementation
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Fig. 15 Objective functionwith andwithout cooperation: a)UAV1 and

b) UAV2.
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Fig. 16 Obstacle detection status, not detected! 0 and detected! 1:

a) UAV1 and b) UAV2.
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problems (e.g., real-time data-processing requirements) will be
addressed before testing the proposed algorithm in real flight.

Appendix A: Notation

Throughout the text, the temporal index k complements key
variables in order to indicate the sample time at which these variables
occur. For example, scalars (e.g., x), vectors (e.g., x), and matrices
(e.g.,X) occurring at sample time k are denoted x�k�, x�k�, andX�k�,
respectively. If these elements do not evolve with time, the index k is
omitted.

A notation for vector and matrix predictions must also be defined
to support the predictive algorithm at the core of this research. The
temporal index describing a prediction at � samples in the future from
sample time k is denoted k� �jk. The notations x�k� �jk� and
X�k� �jk� thus represent the prediction of a vector and a matrix at
sample time k� � from sample time k.Moreover, the predictions of a
vector over a prediction horizon hp (i.e., for the future times k� �
with � 2 f1; 2; . . . ; hpg) is denoted x�k� 1: k� hpjk�, where

x �k� 1: k� hpjk� �

x�k� 1jk�
x�k� 2jk�

..

.

x�k� hpjk�

2
6664

3
7775 (A1)

Appendix B: Ellipsoid Formulation

The reference frame adopted herein is the NED Euclidean
coordinate system, where the positive x axis is forward, the positive y
axis points to the right, and the positive z axis points downward. The
algebraic representation of an ellipsoid centered at the origin of this
reference frame is

x2

a2
� y2

b2
� z2

c2
� 1 (B1)

and can be written in matrix form as

n TQn� 1 (B2)

where

n � � x y z �T ; Q�
a�2 0 0

0 b�2 0

0 0 c�2

2
4

3
5 (B3)

Rotations of this ellipsoid about any combination of axes can be
accomplished through the matrix representation

n TRQRTn� 1 (B4)

where R is the desired rotation matrix. In the path planner, rotations
are performed relative to moving (or current) axes [35] such that,
from the NED-fixed coordinate system, the first Euler rotation (roll)
is of an angle � about the z axis:

R z �
cos� � sin� 0

sin� cos� 0

0 0 1

2
4

3
5 (B5)

the second Euler rotation (pitch) is of an angle # about the y0 axis of
the first intermediate coordinate systems x0y0z0:

R y �
cos# 0 sin#
0 1 0

� sin# 0 cos#

2
4

3
5 (B6)

and the third Euler rotation (yaw) is of an angle about the x00 axis of
the second intermediate coordinate system x00y00z00:

R x �
1 0 0

0 cos � sin 
0 sin cos 

2
4

3
5 (B7)

The roll, pitch, and yaw rotation matrices are thereafter post-
multiplied to yield the desired object rotation:

R �RzRyRx (B8)

Moreover, a translation of the rotated ellipsoidnTRQRTn� 1 to the
point n0 � � x0 y0 z0 �T relative to the NED-fixed coordinate
system yields

�n � n0�TRQRT�n � n0� � 1 (B9)

Appendix C: Convolution Integral

I. Implementation

In theory, the convolution integral of Eq. (46) is continuous and
evaluated over an infinite range. However, in practice, the integral
can only be computed at discrete points over a finite range. In the
simulations of Sec. IV.B, the convolution sum is evaluated at equally
spaced positions (guide points) over a cubic region centered on the

Fig. C1 Convolution example: a) object shape, b) center of mass

distribution, and c) convolution result.
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obstacle center of mass. The length of the cube edges are chosen to
equal

2fqmax
obi
� �3

���������������������������
�2obi�k� �jk�

q
�maxg

to minimize the information lost when truncating the resulting
collision probability function. Linear interpolation between guide
points is then applied to render the convolution surface continuous.

II. Two-Dimensional Example

Consider the object

x2

82
� y2

42
� 1 (C1)

for which the probability of a point n� � x y �T to reside within the
object is given by the indicator function (Fig. C1a)

g�n� �
�
1 x2

82
� y2

42
� 1

0 otherwise
(C2)

If the location of the object center of mass is uncertain and normally
distributed, such that (Fig. C1b)

f�n� � 1��������������
4�2��2

p exp

�
� 1

2

�
�x � 5�2 � y2

4

��
(C3)

then the probability of a point n to fall inside the object [computed
from Eq. (41)] is the result illustrated in Fig. C1c.
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